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Abstract
In the present paper we deﬁne a new kind of digit system in polynomial rings over ﬁnite
ﬁelds. Let F be a ﬁnite ﬁeld and pðx; yÞ ¼P bjðxÞyjAF½x; y be a polynomial in two
indeterminates. Furthermore, let N ¼ fpAF½x : deg pðxÞodeg b0ðxÞg: Then ðpðx; yÞ;NÞ is
a digit system with base pðx; yÞ if each element q of the quotient F½x; y=pðx; yÞF½x; y has a
ﬁnite representation of the shape
q ¼ d0ðxÞ þ d1ðxÞy þ?þ dhðxÞyh
with diðxÞAN (0piph). We give a complete characterization of all polynomials pðx; yÞ which
give rise to such a digit system and establish some arithmetical properties of the set of all such
polynomials.
There are striking analogies of these digit systems to the well-known canonical number
systems deﬁned in Z½x=PðxÞZ½x for a polynomial PðxÞAZ½x:
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1. Introduction
Let F be a ﬁnite ﬁeld. It is well known that the polynomial ring F½x and its ﬁeld of
fractions FðxÞ have many analogies to the ring Z of rational integers together with its
quotient ﬁeld Q: In the present paper we want to deﬁne a new kind of digit system in
polynomial rings over ﬁnite ﬁelds. Also to the deﬁnition of our new kind of digit
systems there exists an analogous notion which is well known and has been
intensively studied for several years: the so-called canonical number systems.
In order to pursue this analogy we ﬁrst want to recall the deﬁnition of canonical
number systems (cf. [2]).
For dX1 let PðxÞ ¼ pdxd þ?þ p0AZ½x be a polynomial of degree d with
pd ¼ 1: If we set Q :¼ Z½x=PðxÞZ½x then each aAQ has a representation of the form
a ¼ a0 þ a1x þ?þ ad
1xd
1
with aiAZ ð0pipd 
 1Þ: The pair fPðxÞ;Mg withM :¼ f0; 1;y; jp0j 
 1g is called
a canonical number system if each aAQ admits a unique representation of the shape
a ¼
Xh
j¼0
ajx
j
with ajAM ð0pjphÞ and aha0 for ha0: In this case, PðxÞ is called a CNS-
polynomial.
In earlier papers slightly more special kinds of number systems were treated
(cf. for instance [10]). In these cases canonical number systems can be interpreted
as number systems in orders or even maximal orders of algebraic number ﬁelds.
In the present paper we deal with the following notion of digit system.
Deﬁnition 1.1. Let F be a ﬁnite ﬁeld and x; y be transcendental over F: Let
pðx; yÞ ¼ bnyn þ bn
1yn
1 þ?þ b0AF½x; y ð1:1Þ
such that biAF½x; deg bn ¼ 0; bna0 and deg b040: Set bj ¼ 0 for j4n: Let
N ¼ fpAF½x : deg podeg b0g and R be the quotient ring F½x; y=pðx; yÞF½x; y:
* Each qAR can be represented as
q ¼ q0 þ q1y þ?þ qn
1yn
1
with qjAF½x: The vector ðq0;y; qn
1Þs is called standard representation of q: We
set qj ¼ 0 for jXn:
* We say that qAR has a ﬁnite y-adic representation if it admits a representation
q ¼ d0 þ d1y þ?þ dhyh
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with diAN for 0piph and dha0 for ha0: Again we set dj ¼ 0 for j4h: The
polynomials di are called the digits of q with respect to ðpðx; yÞ;NÞ: The sequence
ðd0;y; dhÞy is called the digit representation of q:
* The pair ðpðx; yÞ;NÞ is called digit system in R; if each qAR has a unique ﬁnite
y-adic representation. y is called base and N is called digit set of this system. In
this case, pðx; yÞ is called a DS-polynomial or shortly we say that pðx; yÞ is DS.
Remark 1.2. If we suppose y to be integral over FðxÞ; with minimal polynomial
pðx; yÞ we can regard ðpðx; yÞ;NÞ as digit system in the order F½x; y of the algebraic
function ﬁeld Fðx; yÞ: This specialization is analogous to the specialization of
canonical number systems to number systems in algebraic number ﬁelds mentioned
above. In the setting of canonical number systems we just have to regard x as an
algebraic integer b with minimal polynomial PðxÞ: This yields a number system in
the order Z½b of the number ﬁeld QðbÞ:
The ﬁrst problem which occurs for each kind of number system is the problem of
characterizing the admissible ‘‘bases’’. In the case of canonical number systems this
characterization turned out to be a very difﬁcult problem. For quadratic
polynomials PðxÞAZ½x this was solved in a series of papers by Gilbert, Ka´tai,
Kova´cs and Szabo´ [6–9]. Already for polynomials of degree 3 the problem becomes
very hard. In a recent paper, Akiyama et al. [1] proved several partial results for
cubic PðxÞ: For higher degrees there exist characterization results for polynomials
with descending coefﬁcients (cf. [10]) or with large p0 (cf. [3,11]). Finally, we want to
mention that Brunotte [4,5] characterized canonical number systems for trinomials.
Brunotte also provided the fastest known algorithm to determine if an arbitrary
polynomial is CNS or not.
The present paper is devoted to the characterization of DS-polynomials. Contrary
to canonical number systems in this case a complete characterization is tractable. It
will be given in Section 2. In Section 3 polynomials are characterized which assure
not ﬁnite but at least periodic representations for all qAR: In Section 4 we shall
prove some results on the structure of the set of DS-polynomials. Some of them
correspond to unsolved problems in the setting of canonical number systems.
2. The characterization theorem
Let qð0ÞAR with qð0Þ ¼ qð0Þ0 þ qð0Þ1 y þ?þ qð0Þn
1yn
1: Since F½x is an euclidean ring,
there exist unique d0AN and q˜0AF½x such that
q
ð0Þ
0 ¼ q˜0b0 þ d0 ð2:1Þ
with deg q˜0odeg qð0Þ0 : From
pðx; yÞ ¼ bnyn þ bn
1yn
1 þ?þ b0 ¼ 0
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we get
b0
y
¼ 
b1 
 b2y 
?
 bnyn
1:
Thus,
qð0Þ 
 d0
y
¼ ðqð0Þ1 
 q˜0b1Þ þ ðqð0Þ2 
 q˜0b2Þy þ?þ ðqð0Þn 
 q˜0bnÞyn
1: ð2:2Þ
Deﬁne now
qð1Þ :¼ qð1Þ0 þ?þ qð1Þn
1yn
1
with
q
ð1Þ
i :¼ qð0Þiþ1 
 q˜0biþ1 ð2:3Þ
for 0pipn 
 1: Then
qð0Þ ¼ d0 þ yqð1Þ
with d0AN: Of course, this procedure can be iterated to obtain
qð0Þ ¼ d0 þ d1y þ?þ dk
1yk
1 þ ykqðkÞ: ð2:4Þ
If there exists some k such that qðkÞ ¼ 0; then (2.4) provides a ﬁnite y-adic
representation of qð0Þ:
The above procedure becomes more clear if we set up a third type of
representation for elements of R: This representation has been discovered
independently for number rings in [4,11]. For the quadratic case, it already appeared
in Gilbert [6].
Lemma 2.1. Let F be a finite field and x; y be transcendental over F: Let pðx; yÞ ¼
bny
n þ bn
1yn
1 þ?þ b0AF½x; y such that biAF½x; deg bn ¼ 0; bna0 and deg b040:
Each qAR ¼ F½x; y=pðx; yÞF½x; y has a unique representation
q ¼
Xn
1
j¼0
qjy
j ð2:5Þ
such that
qj ¼
Xn
i¼1
eibiþj ð2:6Þ
and eiAF½x for j ¼ 0;y; n 
 1: For such sums we will use the notation
q ¼ ðe1;y; enÞe: ð2:7Þ
K. Scheicher, J.M. Thuswaldner / Finite Fields and Their Applications 9 (2003) 322–333 325
This representation will be called the e-representation of q: The change
ðq0;y; qn
1Þs-ðe1;y; enÞe corresponds to a base transformation of the order R
over F½x:
Proof. Eqs. (2.6) provide a linear system of n equations
bn 0 ? 0
bn
1 bn & ^
^ ^ & 0
b1 b2 ? bn
2
6664
3
7775
e1
^
^
en
2
6664
3
7775 ¼
qn
1
^
^
q0
2
6664
3
7775:
This system has a unique solution such that eiAF½x for all i; since deg bn ¼ 0; bna0;
i.e., bnAF\f0g and bi; qiAF½x: &
Lemma 2.2. Let F be a finite field and x; y be transcendental over F: Let pðx; yÞ ¼
bny
n þ bn
1yn
1 þ?þ b0AF½x; y such that biAF½x; deg bn ¼ 0; bna0 and deg b040:
If
max
n
i¼1
deg biodeg b0;
then pðx; yÞ is DS.
Proof. Let qð0Þ ¼ ðeð0Þ1 ;y; eð0Þn Þe: Consider ﬁrst the trivial case that deg eð0Þi ¼ 0 for
all i: From (2.6) we get
deg q
ð0Þ
j pmax
n
i¼1
ðdeg eð0Þi þ deg biþjÞodeg b0:
It follows that q
ð0Þ
j AN and ðqð0Þ0 ;y; qð0Þn
1Þy is the ﬁnite digit representation of q:
Assume now
max
n
i¼1
deg eð0Þi 40:
We will examine now how the e-representation of qð0Þ changes if the digits of qð0Þ are
developed according to (2.4). Thus we will represent qð1Þ ¼ ðeð1Þ1 ;y; eð1Þn Þe in terms of
qð0Þ ¼ ðeð0Þ1 ;y; eð0Þn Þe: Let d0 and q˜0 be as in (2.1). Since
pðx; yÞ ¼ bnyn þ bn
1yn
1 þ?þ b0 ¼ 0;
we can subtract q˜0pðx; yÞ from (2.5) to obtain
q ¼
Xn
j¼0
yj 
q˜0bj þ
Xn
i¼1
eð0Þi biþj
 !
:
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It follows from (2.3) that
qð1Þ ¼
Xn
1
j¼0
yj 
q˜0bjþ1 þ
Xn
i¼1
eð0Þi biþjþ1
 !
¼ð
q˜0; eð0Þ1 ;y; eð0Þn
1Þe:
Thus the e-representation of qð1Þ emerges from the e-representation of qð0Þ by
cancelling eð0Þn ; shifting e
ð0Þ
1 ;y; e
ð0Þ
n
1 to the right and inserting 
q˜0; which is deﬁned
according to (2.1), as the ﬁrst element. Trivially
deg eð0Þ1 pmax
n
i¼1
deg eð0Þi :
Since
deg q
ð0Þ
0 pmax
n
i¼1
ðdeg eð0Þi þ deg biÞ;
it follows from (2.1) that
deg eð1Þ1 p max
n
i¼1
ðdeg eð0Þi þ deg bi 
 deg b0Þ
p maxn
i¼1
ðdeg eð0Þi 
 1Þ:
From
ðeð2Þ1 ;y; eð2Þn Þe ¼ ðeð2Þ1 ; eð1Þ1 ; eð0Þ1 ;y; eð0Þn
2Þe;
we obtain
deg eð2Þ1 p max
n
i¼1
ðdeg eð1Þi 
 1Þ
¼max maxn
i¼1
deg eð0Þi 
 2;max
n
1
i¼1
deg eð0Þi 
 1
 
¼maxðdeg eð0Þ1 
 1;y; deg eð0Þn
1 
 1; deg eð0Þn 
 2Þ:
Analogously
deg eð3Þ1 p max
n
i¼1
ðdeg eð2Þi 
 1Þ
¼maxðdeg eð0Þ1 
 1;y;deg eð0Þn
2 
 1; deg eð0Þn
1 
 2; deg eð0Þn 
 2Þ:
After n 
 1 such steps we obtain
deg eðnÞ1 pmaxðdeg eð0Þ1 
 1; deg eð0Þ2 
 2;y; deg eð0Þn 
 2Þ:
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Thus
max
n
i¼1
deg eðnÞi ¼ max
n
i¼1
deg eðnþ1
iÞ1
p maxn
i¼1
ðdeg eð0Þi 
 1Þ:
Going in this way, we will ﬁnd a number h such that maxni¼1 deg e
ðhÞ
i ¼ 0 and we
are done. &
Unfortunately, not all polynomials are DS-polynomials as we shall demonstrate
in the following example.
Example 2.3. Let F ¼ Z2 and pðx; yÞ ¼ y2 þ xy þ x: Thus b0 ¼ x; b1 ¼ x and b2 ¼ 1:
Since 1 ¼ 
1 in Z2; we have
x ¼ xy þ y2
and
x
y
¼ x þ y:
Let qð0Þ ¼ 1þ x þ y; i.e. qð0Þ0 ¼ 1þ x and qð0Þ1 ¼ 1: Thus d0 ¼ 1 and q˜0 ¼ 1: Hence,
qð1Þ ¼ q
ð0Þ 
 d0
y
¼ x þ y þ 1 ¼ qð0Þ
and qð0Þ has the inﬁnite y-adic representation ð1; 1;yÞy: For this reason, pðx; yÞ does
not provide a digit system in R:
The following lemma proves the converse of Lemma 2.2. This is done by
constructing a qð0Þ which has an inﬁnite representation.
Lemma 2.4. Let F be a finite field and x; y be transcendental over F: Let pðx; yÞ ¼
bny
n þ bn
1yn
1 þ?þ b0AF½x; y such that biAF½x; deg bn ¼ 0; bna0 and deg b040:
If pðx; yÞ is DS, then
max
n
i¼1
deg biodeg b0:
Proof. Suppose on the contrary that
max
n
i¼1
deg biXdeg b0:
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We will show that under this condition there exist elements in R which do not have
a ﬁnite representation. Let
i0ðb1;y; bnÞ :¼ max i : deg bi ¼ maxn
j¼1
deg bj
 
and
j0ððe1;y; enÞeÞ :¼
minfi : deg ei ¼ maxn
j¼1
deg ejg if maxn
j¼1
deg ej40;
N otherwise:
8<
:
Now select
qð0Þ :¼ ðeð0Þ1 ;y; eð0Þn Þe with j0ðqð0ÞÞpi0 ð2:8Þ
(take for instance qð0Þ :¼ ðx; 0;y; 0Þe). We will show that qð0Þ has an inﬁnite
representation by proving that
j0ðqðkÞÞpi0 ð2:9Þ
for all kAN: By the deﬁnition of j0 this implies that qðkÞa0 for all kAN and we
are done. We write
qðkÞ ¼ ðeðkÞ1 ;y; eðkÞn Þe:
We will prove (2.9) by induction. Since (2.9) holds for k ¼ 0 by (2.8) we proceed
to the induction step. Suppose that (2.9) holds for a certain k and note that
qðkþ1Þ ¼ ðeðkþ1Þ1 ;y; eðkþ1Þn Þe ¼ ðeðkþ1Þ1 ; eðkÞ1 ;y; eðkÞn
1Þe: ð2:10Þ
We distinguish two cases.
Case 1: j0 :¼ j0ðqðkÞÞoi0: By (2.10) and because j0on we have
max
n
j¼1
deg eðkþ1Þj ¼maxðdeg eðkÞj0 ; deg e
ðkþ1Þ
1 Þ
¼maxðdeg eðkþ1Þj0þ1 ; deg e
ðkþ1Þ
1 Þ40:
Thus j0ðqðkþ1ÞÞ ¼ 1 or j0ðqðkþ1ÞÞ ¼ j0 þ 1: Both of these inequalities imply that
j0ðqðkþ1ÞÞpi0 and we are done.
Case 2. j0 :¼ j0ðqðkÞÞ ¼ i0: The deﬁnitions of i0 and j0 imply that
deg eðkÞj odeg e
ðkÞ
i0
; deg bjpdeg bi0 for joi0
and
deg eðkÞj pdeg e
ðkÞ
i0
; deg bjodeg bi0 for j4i0:
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Thus
deg eðkÞi0 bi04deg e
ðkÞ
j bj for jai0:
This implies that no cancellations occur in the highest power of x in the sum
q
ðkÞ
0 ¼
Xn
j¼1
eðkÞj bj :
Hence, deg q
ðkÞ
0 ¼ deg eðkÞi0 bi0Xdeg b0 and we have
deg eðkþ1Þ1 ¼ deg
q
ðkÞ
0 
 d0
b0
X deg eðkÞi0 þ deg bi0 
 deg b0
X deg eðkÞi0 ¼ max
n
j¼1
deg eðkÞj 40:
By (2.10) this implies that
deg eðkþ1Þ1 Xmax
n
j¼2
deg eðkþ1Þj :
Since deg eðkþ1Þ1 40 this yields j0ðqðkþ1ÞÞ ¼ 1pi0 and we are done also in this
case. &
We can sum up both lemmas to the following
Theorem 2.5. Let F be a finite field and x; y be transcendental over F: Let pðx; yÞ ¼
bny
n þ bn
1yn
1 þ?þ b0AF½x; y such that biAF½x; deg bn ¼ 0 and deg b040: Then
pðx; yÞ is DS if and only if
max
n
i¼1
deg biodeg b0:
Remark 2.6. Kova´cs and Peth +o [10] studied number systems in integral domains.
In [10, Theorem 2] the special case pðx; yÞ ¼ y þ b0ðxÞ with b0ðxÞ ¼ a0 þ a1x; a0;
a1AF and a1a0 has been proved.
3. Periodic elements
From (2.4) follows, that pðx; yÞ is DS if and only if for all q ¼ qð0ÞAR there exits
a k such that qðkÞ ¼ 0:
It is natural to ask for polynomials, which do not have this strong property, but
ensure that all qAR admit at least a periodic representation. In other words, we are
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interested in polynomials, for which the sequence q ¼ qð0Þ-qð1Þ-y is ultimately
periodic for all qAR: Analogously to Theorem 2.5, we can formulate
Theorem 3.1. Let F be a finite field and x; y be transcendental over F: Let pðx; yÞ ¼
bny
n þ bn
1yn
1 þ?þ b0AF½x; y such that biAF½x; deg bn ¼ 0 and deg b040: Then
the sequence q ¼ qð0Þ-qð1Þ-y is ultimately periodic for all qAR if and only if
max
n
i¼1
deg bipdeg b0:
Proof (Sketch). The proof runs along exactly the same lines as the proof of Lemmas
2.2 and 2.4.
ð(Þ Replace the assumption maxni¼1 deg biodeg b0 by maxni¼1 deg bipdeg b0 in the
proof of Lemma 2.2, and let M :¼ maxni¼1 deg eð0Þi : It follows that deg eðkÞi pM for all
i; k: Therefore, there can only exist ﬁnitely many strings ðeðkÞ1 ;y; eðkÞn Þe and hence,
this sequence must be ultimately periodic.
ð)Þ Replace the assumption maxni¼1 deg biXdeg b0 by maxni¼1 deg bi4deg b0 in the
proof of Lemma 2.4. It follows that deg eðkþ1Þ1 4max
n
j¼1 deg e
ðkÞ
j 40 and therefore
maxn
1i¼0 deg q
ðkÞ
i turns to inﬁnity. &
Remark 3.2. There exist polynomials pðx; yÞ and elements q ¼ qð0ÞAR; such that
dk ¼ 0 for all digits dk and maxn
1i¼0 deg qðkÞi Xdeg b0 for all kX0: Therefore, the
expansion algorithm never terminates. The most simple example is pðx; yÞ ¼
y2 þ ð1þ xÞy þ x over Z2 with qð0Þ ¼ x þ y: Then qðkÞ ¼ qð0Þ and dk ¼ 0 for kX0:
4. Some properties of DS-polynomials
Using the above characterization we are able to prove the following simple results
on DS-polynomials. The ﬁrst two of them are counterparts to open problems on
CNS-polynomials.
Theorem 4.1. Let aAF and b; c be DS-polynomials. Let b ¼ bnyn þ?þ b0;
c ¼ cmym þ?þ c0: Then a þ b and b  c are DS.
As usual set bi ¼ 0 for i4n and cj ¼ 0 for j4m: Let l ¼ maxðm; nÞ: If
degðb0 þ c0Þ ¼ maxðdeg b0; deg c0Þ and bl þ cla0; then b þ c is DS.
Proof.
* Since aAF; maxni¼1 deg biodeg b0 ¼ deg b0 þ a: Thus a þ b is DS.
* Let
r ¼ b  c ¼
Xmþn
i¼0
riy
i
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with
ri :¼
Xi
j¼0
bjci
j:
Since maxni¼1 deg biodeg b0 and maxmi¼1 deg ciodeg c0; we get for all iX1
deg ri ¼ deg
Xi
j¼0
bjci
j
p maxi
j¼0
deg bj þ deg ci
j
o deg b0 þ deg c0
¼ deg r0:
Thus b  c is DS.
* Let
s ¼ b þ c ¼
Xl
i¼0
siy
i
with
si :¼ bi þ ci:
From l ¼ maxðm; nÞ follows deg sl ¼ 0: Furthermore sl ¼ bl þ cla0: Therefore
deg sipmaxðdeg bi; deg ciÞ
omaxðdeg b0; deg c0Þ
¼ deg s0;
for iX1: Thus b þ c is DS. &
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